By-Hand Training of a 1-Hidden-Layer ReLU Network to Fit
y =2’ + 2
Worksheet + Fully Worked Answer Key (rounded to 2 decimals; full arithmetic shown)

Learning rate o = 0.05; Training inputs z € {—2,—1,0, 1,2}

Problem Setup (shared)

We fit a tiny neural network with a single hidden layer (2 units) and ReLLU activation to the target
y = 22 + 2z using full-batch gradient descent.
Network:

Hidden (2 units): z1 = Wiz + b1, h=ReLU(2)

Output (scalar): gy = Wah+ by

b
bn] , Wo = [wa1 wap], by €R.
21

Loss: L =1 (ys — s)?. We take ReLU’(0) = 0

Parameters: Wi = [wn] , b1 = {
wa1

Part A. Student Worksheet

This section provides tables where you will explicitly compute values, rounding to 2 decimals.

Al. Parameter Initialization

Suggested start:

1 0
le[_l], blz[o], Wy=[1 -1], by=0.

Write these in the table below (fill in new values each iteration after updates):

Iteration Wi bt Ws, by
0 1 0 [1,-1], 0
-1 0

| O | W N —




A2. Forward Pass Table
For each = € {—2,-1,0, 1,2}, fill in values:

T y =%+ 2z Wf;—i—bl ReLU(z) g = Wah+by e=17—y
-2
-1
0
1
2

A3. Gradient Computations

For each sample, compute step by step:
e OWs|s = eh' (show each multiplication)
e Obyls=c¢
e Wy, then 6 = (eWy) @ 1,,50
o IWi|s =0Wa, 9by|s = 6"

Sum across samples to get batch gradients.

A4. Update
Show 6 < 60 — 0.05V L, substitution, and rounded result.

Part B. Answer Key (fully detailed; all numbers rounded to 2 dec-
imals)

We use the suggested starting values. Every multiplication/addition shown below is rounded to
2 decimals at the time it is shown, and these rounded values are propagated to the subsequent
displayed steps.

Iteration 0: forward, gradients, update to Iteration 1

Forward pass (parameters at start of Iteration 0). Loss L = 22.00.

T Y 21 h i e

-2 0.00 [-2.00, 2.00] [0.00, 2.00] -2.00 -2.00
-1 -1.00 [-1.00, 1.00] [0.00, 1.00] -1.00 0.00
0 0.00 [0.00, 0.00] [0.00, 0.00] 0.00 0.00
1 3.00 [1.00, -1.00] [1.00, 0.00] 1.00 -2.00
2 8.00 [2.00, -2.00] [2.00, 0.00] 2.00 -6.00

Per-sample gradients (no abbreviation; 2-dec rounding at each product):



e r =—2: e=—2.00, h =[0.00,2.00], 1,59 = [0, 1].

OWa|, = eh = [-2.00-0.00, —2.00 - 2.00] = [0.00, —4.00],
Obs|, = e = —2.00,

eWy = —2.00[1.00, —1.00] = [—2.00, 2.00],

5 = eWy ® 1,509 = [—2.00- 0, 2.00 - 1] = [0.00, 2.00],
owr|, = 6Mz =1[0.00- -2, 2.00- —2] = [0.00, —4.00],
oby|, = 6™ = [0.00, 2.00].

e z=—1: e =0.00, h = [0.00,1.00], 1,50 = [0, 1].

OWa|, = eh = [0.00-0.00, 0.00 - 1.00] = [0.00, 0.00],
by |, = e = 0.00,

eWs = 0.00[1.00, —1.00] = [0.00, 0.00],

6 = eWy ® 1,50 = [0.00- 0, 0.00 - 1] = [0.00, 0.00],
owr|, =Mz =[0.00- -1, 0.00 - —1] = [0.00, 0.00],
oby|, = 6™ =1[0.00, 0.00].

o 2=0: e=0.00, h =[0.00,0.00], 1,~0 = [0,0].

OWs|, = eh = [0.00 - 0.00, 0.00 - 0.00] = [0.00, 0.00],
by, = e = 0.00,

eWy = 0.00[1.00, —1.00] = [0.00, 0.00],

5" = eWy ® 1,59 = [0.00 - 0, 0.00 - 0] = [0.00, 0.00],
oWr|, = 6™ = [0.00 -0, 0.00-0] = [0.00, 0.00],
oby|, = 6™ =1[0.00, 0.00].

o x=1: e=—2.00, h=[1.00,0.00], 1,50 = [1,0].

OWa|, = eh = [~2.00 - 1.00, —2.00 - 0.00] = [—2.00, 0.00],
Oby|, = e = —2.00,

eWy = —2.00[1.00, —1.00] = [—2.00, 2.00],

6 = eWy ® 1,50 = [—2.00- 1, 2.00 - 0] = [—2.00, 0.00],
owr|, = 6Mz =[-2.00-1, 0.00 - 1] = [~2.00, 0.00],
oby|, = 6" = [~2.00, 0.00].



e z=2: e=—6.00, h =[2.00,0.00], 1,50 = [1,0].

OWs|, = eh = [—6.00-2.00, —6.00-0.00] = [~12.00, 0.00],
dby|, = e = —6.00,

eWs = —6.00[1.00, —1.00] = [~6.00, 6.00],

6 = eWy ® 1,50 = [-6.00- 1, 6.00 - 0] = [—6.00, 0.00],
owr|, = 6"z = [-6.00- 2, 0.00 - 2] = [~12.00, 0.00],
by |, = 6™ = [—6.00, 0.00].

Batch sums:
oWy = [—14.00,—4.00], 9by = —10.00, OW; = [-14.00,—4.00], 9b; = [—8.00,2.00].

Update (a = 0.05):

W = [1.00, —1.00] — 0.05 [—14.00, —4.00] = [1.00, —1.00] — [—0.70, —0.20] = [1.70, —0.80],
b = 0.00 — 0.05 - (—10.00) = 0.00 — —0.50 = 0.50,

1.00 —14.00 1.00 —0.70 1.70
+ _ _ — _ —

W= [—1.00} 0.05 [—4.00] [—1.00} [—0.20} [—0.80] ’
pi _ [0:00] s [~8:00] _ [0.00]  [-0.40] _ [ 0.40
L710.00 ' 2.00 | ]0.00 0.10 | |[-0.10|"

Iteration 1: forward, gradients, update to Iteration 2

Forward pass (parameters at start of Iteration 1). Loss L = 2.50.

T Y z1 h i e

-2 0.00 [-3.00, 1.50] [0.00, 1.50] -0.70 -0.70
-1 -1.00 [-1.30, 0.70] [0.00, 0.70] -0.06 0.94
0 0.00 [0.40, -0.10] [0.40, 0.00] 1.18 1.18
1 3.00 [2.10, -0.90] [2.10, 0.00] 4.07 1.07
2 8.00 [3.80, -1.70] [3.80, 0.00] 6.96 -1.04

Per-sample gradients (no abbreviation; 2-dec rounding at each product):
e r=-2: e=—0.70, h = [0.00,1.50], 1,50 = [0, 1].

OWs|, = eh =[~0.70-0.00, —0.70 - 1.50] = [0.00, —1.05],
dbs|, = e = —0.70,

eWy = —0.70[1.70, —0.80] = [—1.19, 0.56],

5 = eWs ® 1,50 = [-1.19 -0, 0.56 - 1] = [0.00, 0.56],
oWy, = 6™z =[0.00 - 2, 0.56- —2] = [0.00, —1.12],
oby|, = 6™ = [0.00, 0.56].



e xr=—1:e=0.94, h =1[0.00,0.70], 1,59 = [0, 1].

OWa| = eh =1[0.94-0.00, 0.94-0.70] = [0.00, 0.66],
Oby|, = e =0.94,

eWy = 0.94[1.70, —0.80] = [1.60, —0.75],

6 = eWy ® 1,50 = [1.60 -0, —0.75-1] = [0.00, —0.75],
owr|, =6Mz =[0.00- -1, —0.75 - —1] = [0.00, 0.75],
oby|, = 6" =10.00, —0.75].

o z=0: e=1.18, h = [0.40,0.00], 1,~0 = [1,0].

OWs|, =eh=[1.18-0.40, 1.18-0.00] = [0.47, 0.00],
Oby|, = e =118,

eWy = 1.18[1.70, —0.80] = [2.01, —0.94],

5 = eWy ® 1,50 = [2.01-1, —0.94-0] = [2.01, 0.00],
oWr|, = 6™z =1[2.01-0, 0.00-0] = [0.00, 0.00],
by |, =6t = [2.01, 0.00].

o z=1: e=1.07, h=[2.10,0.00], 1,50 = [1,0].

OWa|, = eh = [1.07-2.10, 1.07-0.00] = [2.25, 0.00],
dby|, = e = 1.07,

eWs = 1.07[1.70, —0.80] = [1.82, —0.86],

5 = eWy ® 1,50 =[1.82-1, —0.86-0] = [1.82, 0.00],
oWy, ="z =[1.82-1, 0.00-1] = [1.82, 0.00],
oby|, = 6t = [1.82, 0.00].

o 1 =2 e¢=—1.04, h=[3.80,0.00], 1,50 = [1,0].

OWa|, = eh =[~1.04-3.80, —1.04 - 0.00] = [3.95, 0.00],
Oby|, = e = —1.04,

eWy = —1.04[1.70, —0.80] = [~1.77, 0.83],

6 = eWy ® 1,50 = [~1.77-1, 0.83-0] = [—1.77, 0.00],
oWr|, = oWz = [-1.77-2, 0.00- 2] = [-3.54, 0.00],
oby|, = 6" = [-1.77, 0.00].

Batch sums:

oWy =[—1.23,-0.39], Oby =145 OW; =[-1.72,—-0.37], b = [2.06,—0.19].



Update (a = 0.05):

W = [1.70, —0.80] — 0.05 [—1.23, —0.39] = [1.70, —0.80] — [—0.06, —0.02] = [1.76, —0.78],

by = 0.50 — 0.05 - (1.45) = 0.50 — 0.07 = 0.43,

1.70 —1.72 1.70 —0.09 1.79
+ _ _ — _ —
Wi = [—0.80] 0.05 {—0.37} [—0.80] [—0.02] [—0.78]’
b — 0.40 005 2061 [040] [0.10] _[0.30
L7 1-0.10 : —0.19] ~ |[-0.10 —0.01| — [—=0.09]| "

Iteration 2: forward, gradients, update to Iteration 3

Forward pass (parameters at start of Iteration 2). Loss L = 2.01.

T Y z1 h i e

-2 0.00 [-3.28, 1.47] [0.00, 1.47] -0.72 -0.72
-1 -1.00 [-1.49, 0.69] [0.00, 0.69] -0.11 0.89
0 0.00 [0.30, -0.09] [0.30, 0.00] 0.96 0.96
1 3.00 [2.09, -0.87] [2.09, 0.00] 4.11 1.11
2 8.00 [3.88, -1.65] [3.88, 0.00] 7.26 -0.74

Per-sample gradients (no abbreviation; 2-dec rounding at each product):
o r=-2: e=—0.72, h = [0.00,1.47], 1,50 = [0, 1].

OWs|, = eh = [-0.72-0.00, —0.72 - 1.47] = [0.00, —1.06],
Obo|, = e = —0.72,

eWy = —0.72[1.76, —0.78] = [—1.27, 0.56],

5 = eWy ® 1,50 = [~1.27-0, 0.56 - 1] = [0.00, 0.56],
W], = 6"z =[0.00- 2, 0.56- —2] = [0.00, —1.12],
oby|, = 6™ = [0.00, 0.56].

o x=—1: e =0.89, h = [0.00,0.69], 1,50 = [0, 1].

OWs|, = eh = [0.89-0.00, 0.89 - 0.69] = [0.00, 0.61],
Obs|, = e = 0.89,

eWy = 0.89[1.76, —0.78] = [1.57, —0.69],

5 = eWy ® 1,50 = [L57 -0, —0.69- 1] = [0.00, —0.69],
owr|, = oMz =[0.00- —1, —0.69 - —1] = [0.00, 0.69],
oby|, = 6™ = 1[0.00, —0.69].



o z=0: e=0.96, h=[0.30,0.00], 1,50 = [1,0].

OWa| = eh =[0.96 -0.30, 0.96 -0.00] = [0.29, 0.00],
by, = e = 0.96,

eWs = 0.96[1.76, —0.78] = [1.69, —0.75],

5 = Wy ® 1,09 = [1.69 - 1, —0.75 - 0] = [1.69, 0.00],
owr|, = 6™z = [1.69 -0, 0.00-0] = [0.00, 0.00],
aby|, = 6™ =[1.69, 0.00].

e x=1:e=1.11, h=[2.09,0.00], 1.0 = [1,0].
OWs|, = eh=[1.11-2.09, 1.11-0.00] = [2.32, 0.00],
Oby|, = e =111,
eWy = 1.11[1.76, —0.78] = [1.95, —0.87],
5 = eWy ® 1,50 = [1.95- 1, —0.87 - 0] = [1.95, 0.00],
oWr|, = 6™z =[1.95-1, 0.00-1] = [1.95, 0.00],
by |, = 6™ = [1.95, 0.00].

o 1 =2 e=—0.74, h=[3.88,0.00], 1,50 = [1,0].

OWa|, = eh =[-0.74-3.88, —0.74 - 0.00] = [-2.87, 0.00],
Oby|, = e = —0.74,

eWy = —0.74[1.76, —0.78] = [—1.30, 0.58],

6 = eWy ® 1,50 =[—1.30-1, 0.58-0] = [—1.30, 0.00],
owr|, = oMz =[-1.30-2, 0.00-2] = [~2.60, 0.00],
oby|, = 6" =[-1.30, 0.00].

Batch sums:
Wy = [~0.26, —0.45], by = 1.50, OW; = [~0.65,—0.43], by = [2.34, —0.13].
Update (a = 0.05):

W = [1.76, —0.78] — 0.05[—0.26, —0.45] = [1.76, —0.78] — [-0.01, —0.02] = [1.77,—0.76],
bf = 0.43 — 0.05 - (1.50) = 0.43 — 0.08 = 0.35,

1.79 —0.65 1.79 —0.03 1.82
+_ _ _ _ _
W= [—0.78] 0.05 [—0.43} - [—0.78] [—0.02] - [—0.76] ’
b [030] o [234] _[030] [0a2] _[o0.18
L7 1-0.09 ’ —0.13|  [—=0.09 —0.01|  [-0.08]|"
Iteration 3: forward, gradients, update to Iteration 4

Forward pass (parameters at start of Iteration 3). Loss L = 1.63.



T Y 21 h i e

-2 0.00 [-3.46, 1.44] [0.00, 1.44] -0.74 -0.74
-1 -1.00 [-1.64, 0.68] [0.00, 0.68] -0.17 0.83
0 0.00 [0.18, -0.08] [0.18, 0.00] 0.67 0.67
1 3.00 [2.00, -0.84] [2.00, 0.00] 3.89 0.89
2 8.00 [3.82, -1.60] [3.82, 0.00] 7.11 -0.89

Per-sample gradients (no abbreviation; 2-dec rounding at each product):

e x=—-2:e=—0.74, h =[0.00, 1.44], 1,~9 = [0, 1].

OWs|, = eh =[-0.74-0.00, —0.74 - 1.44] = [0.00, —1.07],

Oby|, = e =—0.74,

eWs = —0.74[1.77, —0.76] = [~1.31, 0.56],

5 = eWy & 1,50 = [~1.31-0, 0.56 - 1] = [0.00, 0.56],
oWy, = 6™z =[0.00 - 2, 0.56- —2] = [0.00, —1.12],
oby|, = 6™ = [0.00, 0.56].

e x=—1:e=0.83, h =1[0.00,0.68], 1,~9 = [0, 1].

OWa|, = eh =1[0.83-0.00, 0.83-0.68] = [0.00, 0.56],
Oby|, = e = 0.83,

eWs = 0.83[1.77, —0.76] = [1.47, —0.63],

5 = Wy © 1,59 = [1.47 -0, —0.63 - 1] = [0.00, —0.63)],
oWy, = 6™z =10.00- -1, —0.63 - —1] = [0.00, 0.63],
oby|, = 6" =10.00, —0.63].

o x=0: e=0.67, h =[0.18,0.00], 1,50 = [1,0].

OWs|, = eh = [0.67-0.18, 0.67-0.00] = [0.12, 0.00],
Oby|, = e = 0.67,

eWy = 0.67[1.77, —0.76] = [1.19, —0.51],

6 = eWs © 1,50 = [1.19-1, —0.51-0] = [1.19, 0.00],
ow|, = oMz = [1.19-0, 0.00 - 0] = [0.00, 0.00],

oby|, = 6™ = [1.19, 0.00].

o z=1: e=0.89, h=[2.00,0.00], 1.~0 = [1,0].

OWa| = eh =1[0.89-2.00, 0.89 -0.00] = [1.78, 0.00],
Oby|, = e = 0.89,

eWy = 0.89[1.77, —0.76] = [1.58, —0.68],

5 = eWy ® 1,50 = [1.58- 1, —0.68 - 0] = [1.58, 0.00],
owy|, = oMz = [1.58 -1, 0.00- 1] = [1.58, 0.00],
by |, = o = [1.58, 0.00].
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e z=2: e=—0.89, h =[3.82,0.00], 1,50 = [1,0].

OWa|, =eh=[-0.89-3.82, —0.89-0.00] = [~3.40, 0.00],
Obs|, = e = —0.89,

eWy = —0.89[1.77, —0.76] = [—1.58, 0.68],

6 = eWy ® 1,50 = [~1.58 -1, 0.68-0] = [—1.58, 0.00],
oWr|, = 6MWz =[-1.58 -2, 0.00-2] = [-3.16, 0.00],
oby|, = 6" =[~1.58, 0.00].

Batch sums:
oWy = [-1.50,—0.51], 0be =0.76, OW; = [—1.58,—0.49], 9b; =[1.19,—0.07].
Update (a = 0.05):

Wi = [1.77, —0.76] — 0.05[—1.50, —0.51] = [1.77, —0.76] — [~0.07, —0.03] = [1.84, —0.73],
b} =0.35— 0.05 - (0.76) = 0.35 — 0.04 = 0.31,

1.82 —1.58 1.82 —0.08 1.90
+ _ _ — _ —
W= [—0.76] 0.05 [—0.49} [—0.76] [—0.02] [—0.74]’
b [018] s [119] _[018] [006] _[o0.12
L 1-0.08 ’ —0.07|  |-0.08 —0.00|  |-0.08]"
Iteration 4: forward, gradients, update to Iteration 5

Forward pass (parameters at start of Iteration 4). Loss L = 1.38.

T Y z1 h i e

-2 0.00 [-3.68, 1.40] [0.00, 1.40] -0.71 -0.71
-1 -1.00 [-1.78, 0.66] [0.00, 0.66] -0.17 0.83
0 0.00 [0.12, -0.08] [0.12, 0.00] 0.53 0.53
1 3.00 [2.02, -0.82] [2.02, 0.00] 4.03 1.03
2 8.00 [3.92, -1.56] [3.92, 0.00] 7.52 -0.48

Per-sample gradients (no abbreviation; 2-dec rounding at each product):
e z=-2: e=—0.71, h = [0.00,1.40], 1,50 = [0, 1].

OWa|, = eh =[~0.71-0.00, —0.71 - 1.40] = [0.00, —0.99],
Oby|, = e =—0.71,

eWs = —0.71[1.84, —0.73] = [-1.31, 0.52],

5 = eWy ® 1,50 = [~1.31-0, 0.52-1] = [0.00, 0.52],
owr|, =6Mz =[0.00- -2, 0.52- —2] = [0.00, —1.04],
oby|, = 6™ = [0.00, 0.52].



e r=—1:e=0.83, h =1[0.00,0.66], 1,~9 = [0, 1].

OWa| = eh =1[0.83-0.00, 0.83 -0.66] = [0.00, 0.55],
Oby|, = e =0.83,

eWs = 0.83[1.84, —0.73] = [1.53, —0.61],

6 = Wy ©® 1,50 = [1.53-0, —0.61-1] = [0.00, —0.61],
owr|, = 6"z =[0.00- -1, —0.61 - —1] = [0.00, 0.61],
oby|, = 6" =10.00, —0.61].

o z=0: e=0.53, h=1[0.12,0.00], 1,50 = [1,0].

OWa| = eh=[0.53-0.12, 0.53-0.00] = [0.06, 0.00],
Oby|, = e =0.53,

eWy = 0.53[1.84, —0.73] = [0.98, —0.39)],

5 = Wy ® 1,50 = [0.98 -1, —0.39 - 0] = [0.98, 0.00],
ow:|, =Mz =[0.98 -0, 0.00 0] = [0.00, 0.00],
by |, = 6™ =10.98, 0.00].

o z=1: e=1.03, h=[2.02,0.00], 1,0 = [1,0].

OWa| = eh = [1.03-2.02, 1.03-0.00] = [2.08, 0.00],
dby|, = e = 1.03,

eWs = 1.03[1.84, —0.73] = [1.90, —0.75],

5 = eWy ® 1,50 =[1.90-1, —0.75-0] = [1.90, 0.00],
oWy, = 6™z =[1.90-1, 0.00-1] = [1.90, 0.00],
by |, = 6™ = [1.90, 0.00].

e r =2 e=—0.48, h =[3.92,0.00], 1,50 = [1,0].

OWa|, = eh =[-0.48-3.92, —0.48-0.00] = [1.88, 0.00],
Oby|, = e = —0.48,

eWy = —0.48[1.84, —0.73] = [—0.88, 0.35],

6 = eWy ® 1,50 = [—0.88-1, 0.35-0] = [—0.88, 0.00],
oWr|, = o6Mz =[-0.88-2, 0.00-2] = [~1.76, 0.00],
oby|, = 6" =[-0.88, 0.00].

Batch sums:

OWy = [0.26,—0.44], by =1.20, OW; = [0.14,—0.43], by = [2.00,—0.09).
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Update (a = 0.05):

Wy = [1.84, —0.73] — 0.05[0.26, —0.44] = [1.84, —0.73] — [0.01, —0.02] = [1.83,—0.71],
by =0.31 —0.05- (1.20) = 0.31 — 0.06 = 0.25,

1.90 0.14 1.90 0.01 1.89
+ _ — — =
W= {—0.74] 0.05 [—0.43] [—0.74} [—0.02} [—0.72] ’
o [ 012] s [200] _[012] 0107 _ [0.02
o [=008) T |—0.09]  [-0.08) [-0.00]  |-0.08]"

Iteration 5: forward, gradients, update to Iteration 6

Forward pass (parameters at start of Iteration 5). Loss L = 1.22.

T Y z1 h i e

-2 0.00 [-3.76, 1.36] [0.00, 1.36] -0.72 -0.72
-1 -1.00 [-1.87, 0.64] [0.00, 0.64] -0.20 0.80
0 0.00 [0.02, -0.08] [0.02, 0.00] 0.29 0.29
1 3.00 [1.91, -0.80] [1.91, 0.00] 3.75 0.75
2 8.00 [3.80, -1.52] [3.80, 0.00] 7.20 -0.80

Per-sample gradients (no abbreviation; 2-dec rounding at each product):
e r=-2: e=—0.72, h = [0.00,1.36], 1,50 = [0, 1].

OWa|, = eh=[-0.72-0.00, —0.72 - 1.36] = [0.00, —0.98],
Oby|, = e =—0.72,

eWy = —0.72[1.83, —0.71] = [-1.32, 0.51],

5 = eWs ® 1,50 = [-1.32-0, 0.51-1] = [0.00, 0.51],
owr|, =6Mz =[0.00- -2, 0.51-—2] = [0.00, —1.02],
oby|, = 6™ = [0.00, 0.51].

o z=—1: e =0.80, h = [0.00,0.64], 1,0 = [0, 1].

OWs|, = eh =[0.80-0.00, 0.80-0.64] = [0.00, 0.51],
Obs|, = e = 0.80,

eWs = 0.80[1.83, —0.71] = [1.46, —0.57],

51 = Wy @ 1,50 = [1.46 -0, —0.57 - 1] = [0.00, —0.57],
oW;| = oMz =[0.00 ~1, —0.57- —1] = [0.00, 0.57],
oby|, = 6™ = 1[0.00, —0.57].
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o 2 =0: e=0.29, h =[0.02,0.00], 1,50 = [1,0].

OWs|, = eh =1[0.29-0.02, 0.29-0.00] = [0.01, 0.00],
dby|, = e =10.29,

eWy = 0.29[1.83, —0.71] = [0.53, —0.21],

6 = eWy © 1,50 = [0.53 -1, —0.21-0] = [0.53, 0.00],
ow|, = oM =[0.53-0, 0.00- 0] = [0.00, 0.00],
by |, = 6t =1[0.53, 0.00].

o z=1: e=0.75 h=[191,0.00], 1.~0 = [1,0].

OWs|, = eh=1[0.75-1.91, 0.75-0.00] = [1.43, 0.00],
Oby|, = e =0.75,

eWy = 0.75[1.83, —0.71] = [1.37, —0.53],

5 = eWs ® 1,50 = [1.37 -1, —0.53- 0] = [1.37, 0.00],
oWr|, = 6™z =[1.37-1, 0.00-1] = [1.37, 0.00],
by |, =6 = [1.37, 0.00].

o 2 =2 e¢=—0.80, h=[3.80,0.00], 1,50 = [1,0].

OWs|, = eh =[-0.80-3.80, —0.80-0.00] = [~3.04, 0.00],

Obs|, = e = —0.80,

eWy = —0.80[1.83, —0.71] = [—1.46, 0.57],

6 = eWy ® 1,50 = [~1.46 -1, 0.57-0] = [—1.46, 0.00],
oWr|, = oMz =[-1.46 -2, 0.00 - 2] = [-2.92, 0.00],

oby|, = 6" = [~1.46, 0.00].
Batch sums:
OWy = [~1.60,—0.47], by =0.32, OW; = [—1.55,—0.45], Oby = [0.44, —0.06].
Update (a = 0.05):

W = [1.83, —0.71] — 0.05[—1.60, —0.47] = [1.83, —0.71] — [-0.08, —0.02] = [1.91, —0.69],
b} = 0.25 - 0.05 - (0.32) = 0.25 — 0.02 = 0.23,

1.89 —1.55 1.89 —0.08 1.97
+ _ _ — _ -
W= [—0.72] 0.05 [—0.45} - [—0.72] [—0.02] - [—0.70] ’
pr_ [0:02] s [044] 0027 [002] _ o000
L 1-0.08 ' —0.06]  |—0.08 —0.00]  |-0.08]"
Iteration 6: forward only (to show convergence)

Forward pass (parameters at start of Iteration 6). Loss L = 1.10.
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T Y 21 h i e

-2 0.00 [-3.94, 1.32] [0.00, 1.32] -0.68 -0.68
-1 -1.00 [-1.97, 0.62] [0.00, 0.62] -0.20 0.80
0 0.00 [0.00, -0.08] [0.00, 0.00] 0.23 0.23
1 3.00 [1.97, -0.78] [1.97, 0.00] 3.99 0.99
2 8.00 [3.94, -1.48] [3.94, 0.00] 7.76 -0.24

Per-sample gradients (no abbreviation; 2-dec rounding at each product):

e xr=—-2: e=—0.68 h =[0.00,1.32], 1,59 = [0, 1].

OWs| = eh = [~0.68-0.00, —0.68 - 1.32] = [0.00, —0.90],

s, = e = —0.68,

eWy = —0.68[1.91, —0.69] = [—1.30, 0.47),

5 = eWy ® 1,59 = [~1.30-0, 0.47-1] = [0.00, 0.47],
oWr|, =6Mz =[0.00- -2, 0.47 - —2] = [0.00, —0.94],
oby|, = 6™ = [0.00, 0.47].

e x=—1:e¢=0.80, h =[0.00,0.62], 1,~9 = [0, 1].

OWa|, = eh =[0.80-0.00, 0.80 - 0.62] = [0.00, 0.50],
by |, = e = 0.80,

eWsy = 0.80[1.91, —0.69] = [1.53, —0.55],

5 = eWy ® 1,50 = [1.53 -0, —0.55- 1] = [0.00, —0.55],
oWy, = 6™z =10.00- —1, —0.55 - —1] = [0.00, 0.55],
oby|, = 6" =10.00, —0.55].

e £ =0: e=0.23, h =[0.00,0.00], 1,~0 = [0,0].

OWs|, = eh =1[0.23-0.00, 0.23-0.00] = [0.00, 0.00],
Oby|, = e = 0.23,

eWs = 0.23[1.91, —0.69] = [0.44, —0.16],

5 = eWy ® 1,50 = [0.44 -0, —0.16 - 0] = [0.00, 0.00],
ow|, = oMz =0.00-0, 0.00-0] = [0.00, 0.00],

oby|, = 6™ = [0.00, 0.00].

o x=1: e=0.99, h=[1.97,0.00], 1.~0 = [1,0].

OWa| = eh=1[0.99-1.97, 0.99 -0.00] = [1.95, 0.00],
Oby|, = e = 0.99,

eWy = 0.99[1.91, —0.69] = [1.89, —0.68],

5 = eWy ® 1,50 =[1.89-1, —0.68 - 0] = [1.89, 0.00],
owy|, = oMz =[1.89-1, 0.00- 1] = [1.89, 0.00],
by |, = o = [1.89, 0.00].
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oz =2 e=—024, h = [3.94,0.00], 1,59 = [1,0].

OWs|, =eh=[-0.24-3.94, —0.24-0.00] = [—0.95, 0.00],
Obs|, = e =—0.24,

eWy = —0.24[1.91, —0.69] = [—0.46, 0.17],
6 = eWy ® 1,50 = [—0.46 - 1, 0.17 - 0] = [—0.46, 0.00],
oWr|, = 6MWz =[-0.46 -2, 0.00-2] = [-0.92, 0.00],

oby|, = 6" =[-0.46, 0.00].
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